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AN APPROACH TO QUILLEN’S CONJECTURE VIA CENTRALIZERS OF
SIMPLE GROUPS
KEVIN IVA´N PITERMAN
Abstract. We show that, for any given subgroup H of a finite group G, the Quillen poset Ap(G)
of nontrivial elementary abelian p-subgroups, is obtained from Ap(H) by attaching elements via
their centralizers inH. We use this idea to study Quillen’s conjecture, which asserts that ifAp(G)
is contractible then G has a nontrivial normal p-subgroup. We prove that the original conjecture
is equivalent to the Z-acyclic version of the conjecture (obtained by replacing contractible by
Z-acyclic). We also work with the Q-acyclic (strong) version of the conjecture, reducing its study
to extensions of direct products of simple groups of order divisible by p and p-rank at least 2.
This allows to extend results of Aschbacher-Smith and to establish the strong conjecture for
groups of p-rank at most 4.
1. Introduction
Given a finite group G and a prime number p dividing its order, let Ap(G) be the Quillen poset
of nontrivial elementary abelian p-subgroups of G. Quillen proved that the order complex of Ap(G)
is contractible if G has a nontrivial normal p-subgroup, and conjectured the reciprocal [Qui78].
We consider the following versions of the conjecture.
Quillen’s conjecture: If Op(G) = 1 then Ap(G) is not contractible.
Integral Quillen’s conjecture: If Op(G) = 1 then H˜∗(Ap(G),Z) 6= 0.
(Rational) Strong Quillen’s conjecture: If Op(G) = 1 then H˜∗(Ap(G),Q) 6= 0.
Here, Op(G) denotes the largest normal p-subgroup of G, and H˜∗(X,R) is the reduced homology
of a finite poset X (which is the homology of its order complex K(X)), with coefficients in the ring
R. We regard finite posets with the topology of their order complexes. For example, we say that
an order preserving map between finite posets is a homotopy equivalence if the induced simplicial
map between their order complexes is. Note that this is not the convention that we adopted in our
previous articles [MP18, Pit19].
Quillen’s conjecture has been widely studied during the past decades, but it remains open so
far. Quillen established the strong version for solvable groups, groups of p-rank at most 2 and
some families of groups of Lie type [Qui78]. Later, various authors dealt with the p-solvable case
(see [Alp90, DR18, Smi11]) and in [AK90] M. Aschbacher and P. Kleidman showed the almost
simple case. In [AS93], M. Aschbacher and S.D. Smith proved the strong version of the conjecture
for p > 5 and groups G satisfying certain restrictions on its unitary components [AS93, Main
Theorem]. They strongly used the classification of finite simple groups. Recently, in a collaboration
work with I. Sadofschi Costa and A. Viruel [PSV19], we proved new cases of the conjecture, not
included in the previous results. In [PSV19], we worked with the integral Quillen’s conjecture and
proved that it holds if K(Sp(G)) contains a 2-dimensional and G-invariant subcomplex homotopy
equivalent to itself. Recall that Sp(G) is the Brown poset of nontrivial p-subgroups of G and
that Ap(G) →֒ Sp(G) is a homotopy equivalence (see [Qui78, Proposition 2.1]). In particular, the
2010 Mathematics Subject Classification. 20J05, 20D05, 20D25, 20D30, 05E18, 06A11.
Key words and phrases. p-subgroups, Quillen’s conjecture, posets, finite groups.
Supported by a CONICET doctoral fellowship and grant UBACyT 20020160100081BA.
1
2 KEVIN IVA´N PITERMAN
integral version holds for groups of p-rank at most 3. Recall that the p-rank of G is the dimension
of K(Ap(G)) plus one.
Further applications and results concerning the homotopy type of the p-subgroup complexes
can be found in [Bro75, Gro02, Gro16, PW00, Smi11]. In [JM12, (1.4)], the authors considered
a version of the conjecture even stronger than the rational one: if Op(G) = 1 then the Euler
characteristic of Ap(G) is not 1. We will not work with this version.
In this article, we approach the study of Quillen’s conjecture via the examination of the central-
izers of the elementary abelian p-subgroups on suitable subgroups. Concretely, if H is a nontrivial
subgroup of G, we show that Ap(G) can be obtained from Ap(H) by attaching the subgroups
E ∈ Ap(G) with E ∩H = 1 throughout their link in H . The link of E in H is Ap(CH(E)), where
CH(E) is the centralizer of E in H . We can understand the homotopy type of Ap(G) from that
of Ap(H) and the properties of these centralizers. In some cases, we extract points E ∈ Ap(G)
with contractible link in H , and this is guaranteed precisely when Op(CH(E)) 6= 1. In this way,
we can work with smaller subposets and apply inductive arguments. This approach has its roots
in a previous work with E.G. Minian on the fundamental group of these complexes [MP19].
Using these ideas, we prove the following results. Denote by Op′(G) the largest normal p
′-
subgroup of G.
Theorem 1. Let G be a finite group and p a prime number dividing its order. Suppose that the
proper subgroups of G satisfy the strong (resp. integral) Quillen’s conjecture and Op′ (G) 6= 1. Then
G satisfies the strong (resp. integral) Quillen’s conjecture. In particular, a minimal counterexample
to the strong (resp. integral) Quillen’s conjecture has Op′(G) = 1.
Our theorem has no restriction on the prime p and it uses the classification of simple groups to
a much lesser extent than the analogous result [AS93, Proposition 1.6], which is stated for p > 5.
On the other hand, for the proof of the integral version of Theorem 1, we require an explicit
description of a nontrivial cycle in the homology for the p-solvable case of the conjecture (which
can be found in the work of A. Dı´az Ramos [DR18]). In combination with the results on the
fundamental group [MP19], we conclude that the original conjecture and the integral homology
version are equivalent.
Theorem 2. The original Quillen’s conjecture and the integral Quillen’s conjecture are equivalent.
Theorem 3. Suppose that the proper subgroups of G satisfy the strong (resp. integral) Quillen’s
conjecture and G has a component L such that L/Z(L) has p-rank 1 or else it is isomorphic to
U3(2
3) and p = 3. Then G satisfies the strong (resp. integral) conjecture.
Theorem 3 handles groups with a component isomorphic to L2(2
3) (p = 3), U3(2
3) (p = 3) or
Sz(25) (p = 5), which were excluded during the analysis of the conjecture proposed by Aschbacher-
Smith (see Section 4 for a more detailed discussion). Moreover, their proof of Quillen’s conjecture
works in the same way without need of these restrictions on the components of the groups. This
allows us to extend their main result to p = 5.
Corollary 4. Theorem [AS93, Main Theorem] also holds for p = 5.
The extension of [AS93, Main Theorem] to p = 3 is not immediate since its proof depends on
[AS93, Theorem 5.3], which is stated for p ≥ 5.
By using the classification of simple groups of low p-rank and groups with a strongly p-embedded
subgroup (i.e. with disconnected Quillen complex), we prove the p-rank 4 case of the conjecture.
Theorem 5. The strong Quillen’s conjecture holds for groups of p-rank at most 4.
Finally, we deduce the following corollary by the properties of the generalized Fitting subgroup
and the automorphism group of a direct product of simple groups (see Remark 2.1).
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Corollary 6. If G is a minimal counterexample to the strong (resp. integral) Quillen’s conjecture,
then G has p-rank at least 5 and there exist non-abelian simple groups L1, . . . , Lr of p-rank at least
2 and positive integers n1, . . . , nr such that
Ln11 × . . .× L
nr
r ≤ G ≤
r∏
i=1
Aut(Li) ≀ Sni .
Here, Sn is the symmetric group on n letters and H ≀ Sn denotes the standard wreath product.
Acknowledgements. I would like to thank El´ıas Gabriel Minian for his valuable suggestions
that helped me to improve the presentation of this article.
2. Preliminary results
In this section we set the main definitions and tools that we will use throughout the paper. We
refer to [Asc00] for more details on finite group theory.
From now on, G will denote a finite group. By a simple group we will mean a non-abelian
simple group. We adopt the conventions of [GL83] for the names of the simple groups and their
automorphisms.
Let Z(G) be the center of G and F (G) the Fitting subgroup of G. Let Op(G) denote the largest
normal p-subgroup of G and Op′ (G) the largest normal p
′-subgroup of G. Recall that F (G) is the
(internal) direct product of the subgroups Op(G), for p dividing the order of G. For a fixed prime
p, Ω1(G) = 〈x ∈ G : xp = 1〉. The p-rank of G is mp(G) = 1 + dimK(Ap(G)) = max{logp(|A|) :
A ∈ Ap(G)}.
If H,K ≤ G are subgroups, denote by [H,K] the commutator of H and K, NH(K) the normal-
izer of K in H and CH(K) the centralizer of K in H . If g ∈ G, then Hg = g−1Hg.
A component of G is a subnormal quasisimple subgroup of G, i.e. a subgroup L ≤ G which is
subnormal, perfect and L/Z(L) is simple. Two distinct components of G commute. The layer of G,
denoted by E(G), is the (central) product of the components of G. The generalized Fitting subgroup
of G is F ∗(G) = F (G)E(G). It can be shown that [F (G), E(G)] = 1 and that F (G) ∩ E(G) =
Z(E(G)), which is the product of the centres of the components of G. The key property of this
characteristic subgroup is that it is self-centralizing, i.e. CG(F
∗(G)) = Z(F ∗(G)) = Z(F (G)).
An almost simple group is a finite group G such that F ∗(G) is a simple group. Equivalently,
L ≤ G ≤ Aut(L), where L = F ∗(G) is simple. See [Asc00, Chapter 11] for further details.
Remark 2.1. If Op(G) = 1 = Op′(G), then F (G) ≤ Op(G)Op′ (G) = 1, so F ∗(G) = E(G) and its
center is trivial. Therefore, F ∗(G) = L1 . . . Ln is the direct product of the components {L1, . . . , Ln}
of G, which are (non-abelian) simple groups. By the self-centralizing property, F ∗(G) ≤ G ≤
Aut(F ∗(G)). Moreover, Aut(F ∗(G)) can be easily described by using the fact that if L is a simple
group, then Aut(Ln) ∼= Aut(L) ≀ Sn and that Aut(L × K) ∼= Aut(L) × Aut(K) if L and K are
non-isomorphic simple groups.
If X is a finite poset, we can study its homotopy properties by means of its associated order
complex K(X), whose simplices are the nonempty chains of X . If x ∈ X and Y ⊆ X is a subposet,
let Y≥x = {y ∈ Y : y ≥ x}. Define analogously Y>x, Y≤x and Y<x. The link of x in Y is Y<x∪Y>x.
Recall that if f, g : X → Y are two order preserving maps between finite posets X and Y such
that f ≤ g (i.e. f(x) ≤ g(x) for all x ∈ X), then f and g are homotopic when regarded as simplicial
maps. Write X ≃ Y if K(X) ≃ K(Y ).
Proposition 2.2 ([Qui78, Proposition 1.6]). Let f : X → Y be an order preserving map between
finite posets X and Y . If f−1(Y≤y) is contractible for all y ∈ Y (resp. f
−1(Y≥y) is contractible for
all y ∈ Y ), then f is a homotopy equivalence. In particular, if X ⊆ X0 and X>x is contractible
for all x ∈ X0 −X (resp. X<x is contractible for all x ∈ X0 −X) then X →֒ X0 is a homotopy
equivalence.
4 KEVIN IVA´N PITERMAN
The Brown poset Sp(G) is the poset of nontrivial p-subgroups of G. The inclusion Ap(G) →֒
Sp(G) is a homotopy equivalence by [Qui78, Proposition 2.1], and if Op(G) 6= 1 then Ap(G) is
contractible (see [Qui78, Proposition 2.4]).
Quillen related the direct product of groups with the join of posets. The join of two posets
X ∗ Y is the poset whose underlying set is the disjoint union of X and Y , keeping the given
ordering within X and Y , and setting x < y for each x ∈ X and y ∈ Y . Moreover, K(X ∗ Y ) is
homeomorphic to the topological join of K(X) and K(Y ) [Qui78, Proposition 1.9]. If Y ⊆ X are
finite posets and x ∈ X , then the link of x in Y is Y<x ∗ Y>x.
Proposition 2.3 ([Qui78, Proposition 2.6]). Ap(G1 ×G2) ≃ Ap(G1) ∗ Ap(G2).
Proposition 2.4. If Z ≤ Z(G) is a p′-group then Ap(G) → Ap(G/Z) is an isomorphisms of
posets.
Proof. It follows directly from the correspondence theorem and Sylow’s theorems. 
The next lemmas contain one of the key ideas used for the proof of our main results. For a given
subgroup H ≤ G, we “inflate” the subposet Ap(H) and then we show how the remaining points
of Ap(G) are attached to this inflated subposet.
Definition 2.5. For H ≤ G, let
N (H) := {E ∈ Ap(G) : E ∩H 6= 1}.
Lemma 2.6. If H ≤ G then Ap(H) →֒ N (H) is a strong deformation retract.
Proof. Let i : Ap(H) →֒ N (H) be the inclusion and ϕ : N (H) → Ap(H) the map defined by
ϕ(E) = E ∩H . Then i and ϕ are order preserving maps with iϕ ≤ IdN (H) and ϕi = IdAp(H). 
Lemma 2.7. Let H ≤ G be a subgroup and let E ∈ Ap(G) be such that E∩H = 1. Then N (H)>E
is homotopy equivalent to Ap(CH(E)).
Proof. Let f : Ap(CH(E)) → N (H)>E and g : N (H)>E → Ap(CH(E)) be the maps defined by
f(A) = AE and g(A) = A ∩ H . Then fg(A) = (A ∩ H)E ≤ A and gf(A) = (AE) ∩ H = A (by
modular law). Hence fg ≤ IdN (H)>E and gf = IdAp(CH(E)). 
The above lemma shows that the link in N (H) ≃ Ap(H) of a point in Ap(G) − N (H), which
can be thought of as the “upper” part of its attachment, is the Quillen poset of its centralizer in
H . The “lower” link of a point E ∈ Ap(G) is the poset of nontrivial proper subspaces of E, when
regarded as a vector space over Fp (the finite field of p elements), and it has the homotopy type of a
nontrivial bouquet of pmp(E)(mp(E)−1)/2 spheres of dimension mp(E)− 2. We can construct Ap(G)
from N (H) by attaching points in the following way. Take a linear extension of the complement
Ap(G)−N (H) = {E1, . . . , Er} such that Ei ≤ Ej implies i ≤ j. For each 0 ≤ i ≤ r, consider the
subposet Xi = N (H) ∪ {E1, . . . , Ei}. This gives rise to a filtration
N (H) = X0 ⊆ X1 ⊆ . . . ⊆ Xr = Ap(G),
where Xi = Xi−1 ∪ {Ei} and the link of Ei in Xi−1 is
(Ap(Ei)− {Ei}) ∗ N (H)>Ei ≃
(
k∨
l=1
Smp(Ei)−2
)
∗ Ap(CH(Ei)),
with k = pmp(Ei)(mp(Ei)−1)/2.
This provides a useful way to understand the homotopy type of Ap(G) if we choose a conve-
nient subgroup H ≤ G for which we know how these centralizers are. In particular, if they are
contractible, the homotopy type of Ap(H) does not change.
Lemma 2.8 (cf. [PSV19, Lemma 4.3]). Let G be a finite group and let H ≤ G. In addition,
suppose that Op(CH(E)) 6= 1 for each E ∈ Ap(G) with E ∩H = 1. Then Ap(G) ≃ Ap(H).
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Proof. If E ∈ Ap(G) − N (H), then N (H)>E ≃ Ap(CH(E)) ≃ ∗ by hypothesis. By Proposition
2.2 and Lemma 2.6, Ap(H) ≃ N (H) ≃ Ap(G). 
For example, we can take H to be LCG(L), where L is a simple component of G. Note that
F ∗(G) ≤ H . If E ∈ Ap(NG(L)) and E ∩H = 1 then CH(E) = CL(E)CG(LE) and Ap(CH(E)) ≃
Ap(CL(E)) ∗ Ap(CG(LE)). The group CL(E) is the centralizer of an elementary abelian p-group
acting on the simple group L, which can be described by using the classification of simple groups.
We may also apply inductive arguments on CG(LE).
3. The reduction Op′(G) = 1
In this section we prove Theorem 1, reducing the study of Quillen’s conjecture to finite groups
G with Op′(G) = 1. Then we use this result to conclude that the original Quillen’s conjecture is
equivalent to the integral homology version (see Theorem 2).
The proof of this reduction is based on Lemma 3.11, which is an essential tool in the proofs
of most of our theorems. This lemma generalizes the ideas on homology propagation of [AS93,
Lemma 0.27], with the extra feature that it can be applied to proper subposets.
We recall first some definitions and results of [AS93] for the proof of Lemma 3.11. We suppress
the coefficient notation on the homology and suppose that they are taken either in Z or in Q. The
definitions given below do not depend on the coefficient ring.
If X is a finite poset, denote by C˜∗(X) its augmented chain complex. Recall that C˜n(X) is
freely generated by the chains (x0 < x1 < . . . < xn) in X . Write Z˜n(X) for the subgroup of
n-cycles and H˜∗(X) for the reduced homology of X . Denote by X
′ the poset of nonempty chains
of X . Equivalently, X ′ is the face poset of K(X).
Definition 3.1. Let X be a finite poset. A chain a ∈ X ′ is full if for every x ∈ X such that
{x}∪ a is a chain we have that x ∈ a or x ≥ max a. A chain b containing a is called a-initial chain
if for every x ∈ b− a we have that x > max a.
The following property was introduced by Aschbacher and Smith in [AS93].
Definition 3.2. We say that G has the Quillen’s dimension property at p, (QD)p for short, if
H˜mp(G)−1(Ap(G)) 6= 0. That is, Ap(G) has nontrivial homology in the highest possible dimension.
Observe that the top integral homology group of Ap(G) is always free, so this definition does
not depend on the chosen coefficient ring Z or Q. It is worth noting that finite groups may not
satisfy this property in general. This had been already observed by Quillen in [Qui78].
Definition 3.3. Let G be a finite group with (QD)p and let m = mp(G) − 1. Take a nontrivial
cycle α ∈ H˜m(Ap(G)) = Z˜m(Ap(G)). If the chain a = (A0 < A1 < . . . < Am) is an addend of the
cycle α, we write a ∈ α and say that a or Am exhibits (QD)p for G. Note that a is a full chain.
We state next a special configuration of the p-solvable case of the conjecture. Its proof can be
found in [Smi11, Theorem 8.2.12]. See also [Alp90, AS93, DR18].
Theorem 3.4. If G = Op′ (G)A, where A is an elementary abelian p-group acting faithfully on
Op′(G), then G has (QD)p exhibited by A.
Now fix a finite groupG and subgroupsH ≤ G andK ≤ CG(H) such thatH∩K is a p
′-subgroup.
Note that [H,K] = 1, H ∩K ≤ Z(H)∩Z(K) and Ap(HK) ≃ Ap(H/H ∩K) ∗Ap(K/H ∩K) (see
[AS93, Lemma 0.11]).
Definition 3.5. Let a = (A0 < . . . < Am) be a chain of Ap(H) and b = (B0 < . . . < Bn) be a
chain of Ap(K). We have the following chain in Ap(HK):
a ∗ b := (A0 < . . . < Am < B0Am < . . . < BnAm).
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Let c = (0, 1, 2 . . . ,m+n+1). A permutation σ of the set {0, 1, 2, . . . ,m+n+1} such that σ(i) <
σ(j) if i < j ≤ m or m+ 1 ≤ i < j, is called a shuffle. Let σ(c) := (σ(0), σ(1), . . . , σ(m+ n+ 1)).
With the above notation, let Cj = Aj if j ≤ m or Bj−(m+1) if j ≥ m+ 1. Define (a× b)σ to be
the chain whose i-th element is Cσ(0)Cσ(1) . . . Cσ(i).
Definition 3.6 ([AS93, Definition 0.21]). The shuffle product of a and b is
a× b =
∑
σ shuffle
(−1)σ(a× b)σ ∈ C˜m+n+1(Ap(HK)).
Extend this product by linearity to C˜∗(Ap(H)) and C˜∗(Ap(K)).
Proposition 3.7 ([AS93, Corollary 0.23]). If α ∈ Z˜m(Ap(H)) and β ∈ Z˜n(Ap(K)) then α× β ∈
Z˜m+n+1(Ap(HK)).
Remark 3.8. Let X be a finite poset and a ∈ X ′. Denote by C˜∗(X)a the subgroup of a-initial
chains and by C˜∗(X)¬a the subgroup of non-a-initial chains. Clearly we have a decomposition
C˜∗(X) = C˜∗(X)a
⊕
C˜∗(X)¬a.
Moreover, if ∂ denotes the border map of the chain complex, then
∂(C˜∗(X)¬a) ⊆ C˜∗(X)¬a.
If γ ∈ C˜∗(X) then γ = γa + γ¬a, where γa corresponds to the a-initial part of γ, and
∂γ = ∂(γa) + ∂(γ¬a) = (∂(γa))a + (∂(γa))¬a + ∂(γ¬a).
This remark yields the following lemma.
Lemma 3.9 (cf. [AS93, Lemma 0.24]). If a ∈ X ′ is a full chain then (∂γ)a = (∂γa)a.
Lemma 3.10 (cf. [AS93, Lemma 0.25]). Let X ⊆ Ap(G) be a subposet such that N (K) ⊆ X. If
a is a full chain of X ∩Ap(H) and b ∈ Ap(K)
′ then (a× b)a = (a× b)σ=id = a ∗ b.
We prove now a generalization of [AS93, Lemma 0.27]. The crucial point in our lemma is that it
can be applied to subposets X ⊆ Ap(G), which in general will be homotopy equivalent to Ap(G).
Lemma 3.11. Let G be a finite group. Let H ≤ G, K ≤ CG(H) and X ⊆ Ap(G) be such that:
(i) N (K) ⊆ X;
(ii) H ∩K is a p′-group;
(iii) There exist a chain a ∈ Ap(H)′ ∩X ′ and a cycle α ∈ C˜m(Ap(H)) ∩ C˜m(X) such that the
coefficient of a in α is invertible and α 6= 0 in H˜∗(Ap(H)) (for some m ≥ −1);
(iv) In addition, such a is a full chain in X and if B ∪ a ∈ X ′ then either B ∈ a, or B =
(max a)CB(H) and 1 6= CB(H) ≤ K;
(v) H˜∗(Ap(K)) 6= 0.
Then H˜∗(X) 6= 0.
In particular, hypotheses (i), (iii) and (iv) hold if coefficients are taken in Q, X = Ap(G) and
H has (QD)p exhibited by A ∈ Ap(H) such that Ap(G)>A ⊆ A×K.
Proof. We essentially adapt the original proof of [AS93, Lemma 0.27] to these hypotheses.
By hypothesis (v), there exists a cycle β ∈ C˜n(Ap(K)) which is not a boundary in C˜∗(Ap(K)).
Choose a chain a and a cycle α as in the hypothesis (iii). Then α × β is a cycle by Proposition
3.7 and it belongs to C˜m+n+1(X) by hypotheses (i) and (iii). Suppose that α × β = ∂γ with
γ ∈ C˜m+n+2(X). Write β =
∑
i qi(B
i
0 < . . . < B
i
n) and γ =
∑
j∈J pj(C
j
0 < . . . < C
j
m+n+2). Now
take a-initial part on both sides of the equality α× β = ∂γ. Note that no intermediate group can
be added to a due to hypothesis (iv). Let A = max a. By hypotheses (i) and (ii), and Lemma 3.10,
(3.1) (α× β)a = q
∑
i
qi a ∪ (AB
j
0 < . . . < AB
j
n),
AN APPROACH TO QUILLEN’S CONJECTURE VIA CENTRALIZERS OF SIMPLE GROUPS 7
where 0 6= q is the coefficient of a in α, which is invertible by hypothesis (iii). The expression of
equation (3.1) is equal to
(∂γ)a =
∑
j∈J′
pj
m+n+2∑
k=m+1
(−1)k a ∪ (Cjm+1 < . . . < Cˆ
j
k < . . . < Cm+n+2)
=
∑
j∈J′
pj(−1)
m+1
n+1∑
k=0
a ∪ (Cjm+1 < . . . < Cˆ
j
k+m+1 < . . . < Cm+n+2),
where we have applied Lemma 3.9. Here, J ′ = {j ∈ J : a ⊆ (Cj0 < . . . < C
j
m+n+2)}. Let D
j
k :=
Cjk+m+1 = ACCj
k+m+1
(H), which properly contains A by hypothesis (iv). Let β˜ =
∑
i qi(AB
i
0 <
. . . < ABin) and γ˜ =
∑
j∈J′ pj(−1)
m+1(Dj0 < . . . < D
j
n+1). Note that qβ˜ = ∂γ˜ and γ˜ ∈ C˜∗(N (K)).
Consider the homotopy equivalence ϕ : N (K) → Ap(K) of Lemma 2.6 given by r(E) = E ∩ K.
Therefore,
(3.2) qβ = ϕ∗(qβ˜) = ϕ∗(∂(γ˜)) = ∂(ϕ∗(γ˜))
and ϕ∗(γ˜) ∈ C˜n+1(Ap(K)). Since q is invertible, we have a contradiction. 
Remark 3.12. If coefficients are taken in Q, then the coefficient requirement in hypothesis (iii) is
automatically guaranteed if a ∈ α. If they are taken in Z, then hypothesis (iii) implies that the
coefficient of a ∈ α is ±1. One can get rid of this restriction in hypothesis (iii) provided that β is
not a torsion element of H˜∗(Ap(K)), or if its order is prime to the coefficient of a in α by (3.2).
We prove now Theorem 1.
Proof of Theorem 1. We show first the rational version. Take G a minimal counterexample to the
statement of the theorem. Then G = Ω1(G) and Op(G) = 1. By Proposition 2.4, we can assume
that Z(G) = 1. Let L = Op′(G) and suppose that L 6= 1. If every A ∈ Ap(G) acts non-faithfully
on L, then, by considering the order p subgroups, L ≤ CG(Ω1(G)) = Z(G) = 1, a contradiction.
Therefore, some A ∈ Ap(G) acts faithfully on L.
Let P = {A ∈ Ap(G) : A acts faithfully on L} and consider a linear extension {A1, . . . , Ar} of P
such that Ai ≤ Aj implies i ≤ j. Recall that P is nonempty. Let i = max{j : Op(CG(LAj)) = 1},
with i = 0 if this set is empty, and let X = Ap(G)− {Ai+1, . . . , Ar}.
We show that the inclusion X →֒ Ap(G) is a homotopy equivalence. Let H = CG(L) and
consider N = N (H) = {E ∈ Ap(G) : CE(L) = E ∩H 6= 1}. If j > i then CH(Aj) = CG(LAj),
and
X>Aj = N>Aj ≃ Ap(CH(Aj)) = Ap(CG(LAj)) ≃ ∗,
by Lemma 2.7 and since Op(CG(LAj)) 6= 1. By Proposition 2.2, X ≃ Ap(G).
Note that Ap(LCG(L)) ⊆ X . If i = 0, then Ap(G) ≃ Ap(CG(L)) by Lemma 2.8. Since CG(L) is
a proper normal subgroup of G, it satisfies the conjecture by induction, leading to a contradiction.
Therefore i > 0, and we let A := Ai.
Now we check the hypotheses of Lemma 3.11 with H = LA and K = CG(LA).
(i) The elements of Ap(G)−X act faithfully on L, so they intersect trivially with K;
(ii) H ∩K ≤ Z(L) is a p′-group;
(iii) Let a ∈ Ap(LA)′ be a chain exhibiting (QD)p in some cycle α ∈ C˜m(Ap(LA)), where
m = mp(A)− 1 (see Theorem 3.4). Then α ∈ C˜m(X) since Ap(LA) ⊆ X .
(iv) It is clear since a is a full chain.
(v) It holds since Op(K) = 1 and K < G.
Therefore, H˜∗(Ap(G)) ∼= H˜∗(X) 6= 0.
Now we show the integral version. As we observed in Remark 3.12, the same conclusion can be
obtained with integers coefficients provided that the cycle α ∈ Z˜mp(A)−1(Ap(LA)) has at least one
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of its terms with coefficient equals to ±1. In fact, this is possible by using the explicit description
of a nontrivial cycle that A. Dı´az Ramos gave for the p-solvable case in [DR18]. It follow from the
proofs of [DR18, Theorems 5.1, 5.3 & 6.6].
This concludes the proof of Theorem 1 for both version of the conjecture. 
Now we prove Theorem 2. We recall first a result on the fundamental group of the p-subgroup
posets and the almost simple case of the conjecture.
Theorem 3.13 (cf. [MP19, Theorem 5.1]). If G is not almost simple and Op′(G) = 1, then
π1(Ap(G)) is a free group.
Theorem 3.14 ([AK90]). If G is an almost simple group, then H˜∗(Ap(G),Q) 6= 0.
Proof of Theorem 2. We only need to prove that if the original conjecture holds, then the integral
homology version holds. Take a minimal counterexample G to this statement. Then Op(G) = 1
and Ap(G) is not contractible, but H˜∗(Ap(G),Z) = 0. By Hurewicz and Whitehead’s theorems, its
fundamental group π1(Ap(G)) is a nontrivial perfect group. By Theorems 1 and 3.14, Op′(G) = 1
and G is not almost simple. Finally, π1(Ap(G)) is a nontrivial free group by Theorem 3.13, which
is a contradiction since it must be perfect. 
We use the rational version of Theorem 1 to extend some of the main results of [PSV19] on the
integral conjecture.
Theorem 3.15 ([PSV19, Corollary 3.3]). Suppose that K(Sp(G)) admits a 2-dimensional and
G-invariant subcomplex homotopy equivalent to itself. If H˜∗(Ap(G),Z) = 0 then Op(G) 6= 1.
Corollary 3.16 ([PSV19, Corollary 3.4]). Let G be a finite group of p-rank at most 3. If
H˜∗(Ap(G),Z) = 0 then Op(G) 6= 1.
Corollary 3.17. Let G be a finite group. Suppose that the proper subgroups of G satisfy the
strong Quillen’s conjecture and that K(Sp(G)) admits a 2-dimensional and G-invariant subcomplex
homotopy equivalent to itself. Then G satisfies the strong Quillen’s conjecture.
Proof. By taking a counterexample, Op(G) = 1 and H˜∗(Ap(G),Q) = 0. By Theorem 1, Op′(G) =
1. Since the strong Quillen’s conjecture holds for almost simple groups, G is not almost simple.
Let K be such subcomplex. If K has free abelian integral homology then K is Z-acyclic, and
Op(G) 6= 1 by Theorem 3.15, a contradiction. Now we show that H∗(K,Z) is free abelian.
By a dimension argument, H2(K,Z) and H0(K,Z) are free abelian groups. It remains to see
that H1(K,Z) is free. By Theorem 3.13, since Op′ (G) = 1 and G is not almost simple, π1(Ap(G))
is a free group. Therefore, H1(K,Z) is a free abelian group. 
We can extend Corollary 3.16 of the p-rank 3 case to the strong version.
Corollary 3.18. The strong Quillen’s conjecture holds for groups of p-rank at most 3.
4. Particular cases
In this section we prove Theorem 4.1, which allows to get rid of components isomorphic to
L2(2
3) (p = 3), U3(2
3) (p = 3) and Sz(25) (p = 5) for the study of the strong Quillen’s conjecture.
Theorem 4.1. Suppose that G has a component L such that L/Z(L) is isomorphic to L2(2
3)
(p = 3), U3(2
3) (p = 3) or Sz(25) (p = 5). If the proper subgroups of G satisfy the strong Quillen’s
conjecture, then so does G.
The groups with these components were excluded in the analysis made by Aschbacher and Smith
[AS93]. We summarize next the scheme of the proof of [AS93, Main Theorem] to see why these
cases were excluded. Consider a minimal counterexample G subject to failing the strong Quillen’s
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conjecture, with p > 5 and the restriction on the unitary components. The proof splits in three
steps.
The first step consists on proving [AS93, Proposition 1.6], i.e. that Op′(G) = 1. They showed
this by using [AS93, Theorems 2.3 & 2.4]. These theorems, stated for odd p, require that G
does not contain components isomorphic to L2(2
3), U3(2
3) or Sz(25) with p = 3, 3, 5 respectively.
By Theorem 1, we can get the same reduction over G by only assuming that G is a minimal
counterexample, without any restrictions on p and the components.
The second step of the proof is [AS93, Proposition 1.7], which allows to get rid of the components
of G for which all their extensions have (QD)p. In this step, [AS93, Theorems 2.3 & 2.4] are invoked
again. By Theorem 4.1, we can extend this step of their proof to p ≥ 3.
Finally, the third step consists on deriving a contradiction by computing the Euler characteristic
of Sp(G) in two different ways (see [AS93, p.490]). Here, [AS93, Theorem 5.3] is applied, which is
stated for p ≥ 5. Theorem 4.1 enables to extend this step to p = 5 and, consequently, [AS93, Main
Theorem] to p ≥ 5, but not to p ≥ 3. This proves Corollary 6. See also the comment below [AS93,
Main Theorem] and the remark at [AS93, p.493].
Before we proceed with the proof of Theorem 4.1, we state some useful remarks.
Remark 4.2. Suppose that H ≤ G and mp(H) = mp(G) = m. Then we have an inclusion in the
top dimensional homology group H˜m−1(Ap(H)) ⊆ H˜m−1(Ap(G)). In particular, if H has (QD)p
then so does G.
If L = L1 × . . .× Ln is a direct product and each Li has (QD)p then L has (QD)p. It follows
from the homotopy equivalence Ap(L) ≃ Ap(L1)∗ . . .∗Ap(Ln) of Proposition 2.3 and the homology
decomposition of a join.
Denote by Inn(G) the subgroup of Aut(G) of inner automorphisms of G. If φ ∈ Aut(G)−Inn(G),
we say that φ induces an outer automorphism on G. If L ≤ G and E ≤ NG(L), then we can
describe the types of automorphisms (inner or outer) induced by the action of E on L via the map
E → Aut(L).
Lemma 4.3. Let L ≤ G and E ≤ NG(L). Then
E ∩ (LCG(L)) = {x ∈ E : x induces an inner automorphism on L}.
In particular, E ∩ (LCG(L)) = 1 if and only if E acts by outer automorphisms on L.
Proof. Clearly E ∩ (LCG(L)) acts by inner automorphisms on L. If x ∈ E induces an inner
automorphism on L, then there exists y ∈ L such that z = y−1x acts trivially on L. Therefore,
z ∈ CG(L) and x = yz ∈ LCG(L). 
Remark 4.4. Suppose that CG(F
∗(G)) = 1 and F ∗(G) = E(G). In particular, Z(E(G)) = 1. Let
L be a component of G. If B ≤ G is such that B ∩L 6= 1, then B ≤ NG(L). This holds because if
b ∈ B then Lb ∩ L ≥ B ∩ L is nontrivial, and it forces to Lb = L (see [Asc00, (31.7)]).
On the other hand, if N = Op(CG(L)) and K is a component of G distinct to L, then K is a
component of CG(L) and hence, [N,K] = 1. In consequence, N commutes with every component
of G, that is, 1 = [N,E(G)] = [N,F ∗(G)]. Since CG(F
∗(G)) = 1, Op(CG(L)) = N = 1.
Now we prove Theorem 4.1.
Proof of Theorem 4.1. Suppose that Op(G) = 1. We need to show that H˜∗(Ap(G),Q) 6= 0. By
Theorem 1 we can also suppose that Op′(G) = 1. Let L be a component of G as in the hypotheses.
Then L is a simple group and L ∼= L2(23), U3(23) or Sz(25), with p = 3, 3 or 5 respectively. We
use the structure of the centralizers of the automorphisms of L. We refer to (7-2), (9-1), (9-3) of
[GL83, Part I] for further details.
• If L = L2(23) then Aut(L) ∼= L⋊ 〈φ〉, where φ induces a field automorphism of order 3 on
L, and CL(φ) ∼= L2(2) ∼= S3 ∼= C3 ⋊ C2.
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Since mp(L) = 1, L has (QD)p.
• If L = U3(23) then Out(L) = Out diag(L)⋊C6 and Out diag(L) ∼= C3. If φ ∈ Aut(L) is a
field automorphism of order 3, CInn diag(L)(φ) = CL(φ) ∼= PGU3(2) ∼= ((C3×C3)⋊Q8)⋊C3.
In particular, field automorphisms and diagonal automorphisms do not commute.
Since mp(L) = 2 and Ap(L) is connected by Theorem A.1, L has (QD)p.
• If L = Sz(25) then Aut(L) ∼= L⋊ 〈φ〉, where φ induces a field automorphism of order 5 on
L, and CL(φ) ∼= Sz(2) ∼= C5 ⋊ C4.
Since mp(L) = 1, L has (QD)p.
In any case, L has (QD)p and if φ ∈ NG(L) induces a field automorphism on L thenOp(CL(φ)) 6=
1. Let N = {E ∈ Ap(NG(L)) : E ∩ (LCG(L)) 6= 1}. Note that Op(CG(L)) = 1 by Remark 4.4.
Case 1: Ap(NG(L)) = N . This case follows exactly as in Theorem 5.1, except if L ∼= U3(2
3).
In that case, take a chain a ∈ Ap(L)′ exhibiting (QD)p for L and apply Lemma 3.11 with H = L,
K = CG(L) and X = Ap(G).
Case 2: Ap(NG(L)) 6= N . Here, every E ∈ Ap(NG(L)) −N induces outer automorphisms on
L and |E| = p (see Lemma 4.3). Suppose that E induces field automorphisms on L. In particular
Op(CL(E)) 6= 1. We show that Ap(G)>E is contractible.
Let Y = {B ∈ Ap(G) : NB(L) > E} ⊆ Ap(G)>E and let M = CL(E)CG(LE). Take B ∈
Ap(G)>E − Y . We show first that Y>B ≃ Ap(CM (B)). Let C ∈ Y>B. I claim that NC(L) ∩M 6=
1, and in particular C ∩ M 6= 1. If NC(L) contains inner automorphisms of L or acts non-
faithfully, then NC(L) ∩M 6= 1 by Lemma 4.3. If NC(L) acts faithfully on L and without inner
automorphisms, then NC(L) embeds into both Aut(L) and Out(L), and it has p-rank at least 2
since E < NC(L). However, NC(L) can only contain field automorphisms of L since diagonal
and field automorphisms (of order p) do not commute. On the other hand, a subgroup of Out(G)
containing only field automorphisms of L is cyclic of order p, a contradiction. We have a well-
defined homotopy equivalence C ∈ Y>B 7→ C∩M ∈ Ap(CM (B)), with inverse C 7→ CB. Therefore,
Y>B ≃ Ap(CM (B)).
Now we prove that Y>B is contractible by showing that Op(CM (B)) 6= 1. Decompose B = EB˜,
where B˜ is a complement to E in B. Since NB(L) = E, B˜ acts regularly on the set {Lb : b ∈ B˜}.
Let K = 〈Lb : b ∈ B˜〉. It is not hard to see that CK(B) ∼= CL(E). Finally, observe that CK(B) is
a normal subgroup of CM (B), so Op(CM (B)) 6= 1. Therefore, Y>B ≃ Ap(CM (B)) is contractible.
By Proposition 2.2, Y →֒ Ap(G)>E is a homotopy equivalence.
By taking B = 1 in the above reasoning, Y ≃ Ap(M) is contractible since 1 6= Op(CL(E)) ≤
Op(CL(E)CG(LE)) = Op(M). In consequence, Ap(G)>E ≃ Y is contractible.
By applying Proposition 2.2, we have shown that the subposet
X0 = {E ∈ Ap(G) : if |E| = p then it does not induce field automorphisms on L}
is homotopy equivalent to Ap(G). Now we extract the remaining elementary abelian groups acting
faithfully with field automorphisms on L. Let
X = {E ∈ Ap(G) : if E ≤ NG(L) then it does not contain field automorphisms of L}.
If F ∈ X0 − X then it must contain inner automorphisms of L by the same reasoning above.
That is, 1 6= F ∩ (LCG(L)) by Lemma 4.3, and, moreover, |F : F ∩ (LCG(L))| = p. Hence,
X<F = Ap(F ∩ (LCG(L))) ≃ ∗. By Proposition 2.2, X ≃ X0 ≃ Ap(G).
To conclude the proof, apply Lemma 3.11 with the subposet X , H = L, K = CG(L), and
a ∈ Ap(L)′ any chain exhibiting (QD)p for L. 
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5. Components of p-rank 1
In this section we show that if G has a component of p-rank 1 and the proper subgroups of
G satisfy the strong conjecture, then so does G (see Theorem 5.1). This proves Theorem 3 when
combined with Theorem 4.1 and Remark 5.2. We refer to (7-13) of [GL83, Part I] for the main
properties on simple groups of p-rank 1. Recall that there are no simple groups of 2-rank 1.
Theorem 5.1. Let L ≤ G be a component such that L/Z(L) has p-rank 1. If the strong Quillen’s
conjecture holds for proper subgroups of G then it holds for G.
Proof. By Theorem 1, we can assume that Op(G) = 1 = Op′(G), so L is a simple group of p-rank
1. By Remark 4.4, Op(CG(L)) = 1. Let N = {E ∈ Ap(NG(L)) : E ∩ (LCG(L)) 6= 1}. We split
the proof in two cases.
Case 1: Ap(NG(L)) = N . In this case, there are no outer automorphisms of order p of L inside
G, and Ω1(NG(L)) ∼= L × Ω1(CG(L)). Let A ∈ Ap(L). If B ∈ Ap(G)>A, then B ≤ NG(L) by
Remark 4.4 and hence, B = ACB(L). Since L has p-rank 1, A is a connected component of Ap(L)
and it exhibits (QD)p for L. The hypotheses of Lemma 3.11 are verified with H = L, K = CG(L),
a = (A) ∈ α ∈ C˜0(Ap(L)) and X = Ap(G).
Case 2: Ap(NG(L)) 6= N . Here, every E ∈ Ap(NG(L)) −N induces outer automorphisms on
L by Lemma 4.3, and has order p since mp(L) = 1 (see Table 1). By Theorem 4.1, we can suppose
that L is not isomorphic to L2(2
3) (p = 3) nor to Sz(25) (p = 5). Therefore, mp(LE) = 2 and LE
has (QD)p (i.e. it is connected, see Table 1). Let K = CG(LE) and suppose that Op(K) = 1. Take
A ∈ Ap(LE) of order p2 exhibiting (QD)p for LE, and observe that LA = LE and |A ∩L| = p. If
B ∈ Ap(G)>A then B ∩ L 6= 1 by Remark 4.4 and hence, B ∈ Ap(NG(L)). Moreover, CB(L) 6= 1
since A ≤ B/CB(L) ≤ Aut(L), and the later has p-rank 2. In consequence, B = ACB(L). Now
apply Lemma 3.11 with H = LE, K = CG(LE), A ∈ a ∈ α ∈ C˜1(Ap(LA)) exhibiting (QD)p, and
X = Ap(G).
If Op(CG(LE)) 6= 1 for every E ∈ Ap(NG(L))−N , consider the subposets S0 = Ap(NG(L))−N ,
S1 = {E ∈ Ap(NG(L)) : |E| = p2, CE(L) = 1} and X = Ap(G)− S1. We show that X ≃ Ap(G).
If E ∈ S1, then E = (E ∩ L)E0, where E0 ∩ LCG(L) = 1. Hence E0 ∈ S0 and Op(CG(LE)) =
Op(CG(LE0)) 6= 1. Let B ∈ X1>E . Since mp(Aut(L)) = 2 and E acts faithfully on L with
B ∩ L ≥ E ∩ L 6= 1, we have that B ≤ NG(L), CB(L) 6= 1 and B = ECB(L). Therefore,
X>E ≃ Ap(CG(LE)), where the homotopy equivalence is given by B 7→ CB(L) with inverse
C 7→ CE. By Proposition 2.2, X ≃ Ap(G). Finally, appeal to Lemma 3.11 on this subposet X ,
with H = L, K = CG(L) and a = (A) ∈ α ∈ C˜0(Ap(L)), where A ∈ Ap(L). 
Remark 5.2. In the proofs of Theorems 4.1 and 5.1, we invoked Lemma 3.11 with some cycle α
containing an arbitrary full chain a. Note that we could have chosen first α and then a ∈ α in
these proofs. Since α is contained either in C˜1(X) or in C˜0(X), it can be taken to have coefficients
equal to ±1. For example, if α ∈ C˜1(X), then pick α to be a simple cycle. By Remark 3.12, these
theorems extend to the integral version of the conjecture, and therefore, so does Theorem 3.
6. The p-rank 4 case of the strong conjecture
In this section we prove Theorem 5, establishing the strong conjecture for groups of p-rank at
most 4. We use the results of the previous sections together with the classification of groups with
a strongly p-embedded subgroup. See Appendix A for more details on these groups.
Remark 6.1. Suppose that L is a normal subgroup of G such that Z(L) is a p′-group. If every
order p element of G induces an inner automorphism on L, then Ω1(G) ≤ LCG(L) by Lemma 4.3.
In particular, Ap(G) = Ap(Ω1(G)) ≃ Ap(L) ∗ Ap(CG(L)) by Proposition 2.3 and Lemma 2.4.
Proof of Theorem 5. We can suppose that G = Ω1(G), mp(G) = 4, Op(G) = 1 = Op′(G) by
Theorem 1 and Corollary 3.18. By Remark 2.1, F ∗(G) = L1 . . . Ln is the direct product of simple
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components Li of order divisible by p. By the almost simple case Theorem 3.14 and a p-rank
argument, we can also assume that 2 ≤ n ≤ 4, and, by Theorem 5.1, that G does not have
components of p-rank 1 . We conclude that n = 2, mp(L1) = 2 = mp(L2) and mp(F
∗(G)) = 4.
If both Ap(L1) and Ap(L2) are connected, then L1 and L2 have (QD)p, and so does F
∗(G)
and G by Remark 4.2. In consequence, we can suppose that Ap(L1) is disconnected, i.e. L1 has a
strongly p-embedded subgroup (see Theorem A.1).
On the other hand, by Remark 6.1, if G has a normal component Li then some order p element
of G induces an outer automorphism on Li. In particular, p | |Out(Li)|. Note that if p is odd then
Li is normal in G. By Table 1, L1 is isomorphic to L2(2
2) = A5, U3(2
2) or L3(2
2), with p = 2, 2
or 3 respectively. We deal with each case separately.
Case 1: p = 2 and L1 ∼= A5 or U3(22).
Recall that the centralizers of outer involutions of A5 and U3(2
2) are S3 (of 2-rank 1) and A5
respectively, which have disconnected poset of 2-subgroups.
Suppose that some involution x ∈ G permutes L1 with L2 (i.e. they are not normal in G). Then
NG(L1) = NG(L2) is a normal subgroup of G of p-rank 4 and G = NG(L1)X , where X = 〈x〉.
Since S5 has (QD)2 with 2-rank 2, by Remark 4.2 and a p-rank argument on the subgroups of
Aut(L1) × Aut(L2), we conclude that G ∼= (L1 × L2) 〈x〉 or G ∼= ((A5 × A5) ⋊ 〈φ〉) ⋊ 〈x〉 (where
φ acts on both L1 and L2). In the former case, π1(A2(G)) is a nontrivial free group by [MP19,
Theorem 5.7], so H˜1(A2(G),Q) 6= 0. In the later one, I claim that
i(A2(G)) := {E ∈ A2(G) : E is the intersection of maximal elements of A2(G)}
has dimension 2. This can be proved by using a similar argument to that of [PSV19, Examples
4.10 & 4.11]. Finally, Corollary 3.17 applies since K(i(A2(G))) is a G-invariant subcomplex of
K(S2(G)) and homotopy equivalent to K(A2(G)).
Now assume that L1 is normal in G. Let H = L1CG(L1), N := N (H) and S := A2(G) −
N . By Remark 6.1 and Proposition 2.8, there exists E ∈ S such that 1 = O2(CH(E)) =
O2(CL1(E))O2(CG(L1E)). Note that the elements of S have order 2.
If L1 ∼= A5 and E ∈ S, then L1E ∼= S5, which have (QD)2. Fix E ∈ S with O2(CG(L1E)) = 1
and take A ∈ A2(L1E) exhibiting (QD)2 for L1E. Then L1E = L1B and O2(CG(L1A)) =
O2(CG(L1E)) = 1. The hypotheses of Lemma 3.11 can be checked with H = L1E, K = CG(L1E)
and A exhibiting (QD)2 for L1E, so H˜∗(A2(G),Q) 6= 0.
Suppose that L1 ∼= U3(22) and L2 6∼= A5. By Remark 6.1, we may assume that some involution
x ∈ G induces outer automorphisms on both L1 and L2. Since CL1(x)
∼= CU3(22)(x)
∼= A5 has
2-rank 2, we conclude that CL2(x) has 2-rank 1. This forces to L2
∼= PSL2(q), with q odd and
x inducing diagonal automorphisms on L2, by the classification of simple groups of 2-rank 2 and
the centralizers of their outer involutions (see [Asc00, Theorem 48.1] and (9-1), (10-6) of [GL83,
Part I]). Moreover, if φ ∈ G is a field automorphisms of L2 then CL2(φ) ∼= PSL2(q
1/2) has 2-rank
2, which leads to m2((L1L2) 〈φ〉) = 5, a contradiction. In conclusion, G does not contain field
automorphisms of L2 and therefore, G ≤ Aut(L1)× Inn diag(L2).
By Theorem A.1, A2(L2) is connected. That is, L2 has (QD)2 exhibited by some A ∈ A2(L2).
Then O2(CG(L2A)) = O2(CG(L2)) = 1 by Remark 4.4, and if B ∈ A2(G)>A then B/CB(L2) ≤
Inn diag(L2), which has 2-rank 2. Hence CB(L2) 6= 1 and B = ACB(L2). By Lemma 3.11 applied
to H = L2 and K = CG(L2), H˜∗(A2(G),Q) 6= 0.
Case 2: p = 3 and L1 ∼= L3(22).
Note that Out(L3(2
2)) ∼= D12 ∼= C3⋊ (C2×C2) and Inn diag(L3(22)) ∼= L3(22)⋊C3, so without
loss of generality G ≤ Inn diag(L3(22))×Aut(L2). By Proposition 2.3 and the almost simple case,
there exists C ∈ Ap(G)−Ap(L1L2) of order 3 inducing diagonal automorphisms on L1 ∼= L3(22).
Moreover, C induces outer automorphisms on L2 and L1C ∼= (L1L2)C/L2 ∼= Inn diag(L3(22)).
Recall that CL3(22)(C)
∼= A5 or C7 ⋊ C3, which has 3-rank 1. Since A3(Inn diag(L3(22))) is
connected (not simply connected) of dimension 1, there exists D ∈ A3(L1C) of 3-rank 2 exhibiting
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(QD)3 for L1C. Note that L1C = L1D. If O3(CG(L1C)) = 1, then by Lemma 3.11 with X =
A3(G), H = L1D and K = CG(L1D) = CG(L1C), H˜∗(A3(G),Q) 6= 0.
Suppose that O3(CG(L1C)) 6= 1 for any choice of C. Let H = L1CG(L1) and N = N (H). Then
S := A3(G)−N consists of order 3 subgroups acting by diagonal automorphisms on L1 ∼= L3(22).
By Lemma 2.8, A3(G) ≃ A3(H), and the conjecture holds by induction.
This concludes the proof of the p-rank 4 case. 
Appendix A. Groups with a strongly p-embedded subgroup
Recall that a finite group G has a strongly p-embedded subgroup if there exists a proper subgroup
M < G such that M contains a Sylow p-subgroup of G and M ∩Mg is a p′-group for all g ∈
G−M . By [Qui78, Proposition 5.2], G has a strongly p-embedded subgroup if and only if Ap(G)
is disconnected. In the following theorem we state the classification of groups with this property.
Theorem A.1 ([Asc93, (6.1)]). The finite group G has a strongly p-embedded subgroup (i.e. Ap(G)
is disconnected) if and only if either Op(G) = 1 and mp(G) = 1, or Ω1(G)/Op′ (Ω1(G)) is one of
the following groups:
(1) Simple of Lie type of Lie rank 1 and characteristic p,
(2) A2p with p ≥ 5,
(3) Aut(L2(2
3)), L3(2
2) or M11 with p = 3,
(4) Aut(Sz(25)), 2F4(2)
′, McL, or Fi22 with p = 5,
(5) J4 with p = 11.
In Table 1 we summarize some properties on the almost simple groups listed in Theorem A.1.
We refer to §7, §9 and §10 of [GL83, Part I] for further details.
Group G Out(G) mp(G) mp(Out(G))
p-rank 1 almost simple groups
G cyclic Sylow p-subgroups 1 ≤ 1
Lie type of Lie rank 1 in characteristic p
L2(p
a) Cgcd(2,pa−1) ⋊ Ca a mp(Ca) ≤ 1
U3(p
a) Cgcd(3,pa+1) ⋊ C2a
{
a p = 2
2a p 6= 2
mp(C2a) ≤ 1
Sz(2a), a ≥ 3 odd Ca a 0
Ree(3a), a ≥ 3 odd Ca 2a mp(Ca) ≤ 1
Alternating groups, p ≥ 5
A2p C2 2 0
p = 3 exceptions
Aut(L2(2
3)) 1 2 0
L3(2
2) D12 2 1
M11 1 2 0
p = 5 exceptions
Aut(Sz(25)) 1 2 0
2F4(2)
′ C2 2 0
McL C2 2 0
Fi22 C2 2 0
p = 11 exception
J4 1 1 0
Table 1. Properties of almost simple groups with a strongly p-embedded subgroup.
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